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Definition 4.15. A function f: A — B that 1s both one-to-one and onto is a one-to-one
correspondence (or bijection).

Definition 4.16. Let 4 be any nonempty set and define [4(z) = xr for all + € A. This
function is a one-to-one correspondence and is called the itdentity funetion on A.

We will take the opportunity here to introduce some notation that will be studied in
greater detail in Chapter 5. F(A) will represent the set of all functions from a nonempty set
A to itself. §(A) will be used to represent the subset of F{A4) whose elements are one-to-one
and onto, &§(A) is always nonempty since the identity function on A is an element of the set

(since A # @),
Example 4.17. Let A {H.,h}. Define all functions on A as follows:

=+ || flglh
a lalal|lb|b
b lblalb . i1

Table 7: F(A) where A = {a, b}

We have F(A) = {I,f.g.h} and §(A) = {I,h} (Here, the table is read that f =
{{a,a), (b,a)}, ete.)



caunseS Problems

Figure 13

In Figure 13 we wee that f: A — B and the arrows of f can be reversed so that '
is a function from B to A; however, f~' is not defined for all values of B and so we could
not write f~': B — A . If we restrict the domain, we could write f~': {a,b,¢} — A or
F~1:Ran(f) -+ A.

With the function g indicated in 13 we encounter a more serious problem. Notice that
z and w are both mapped to 3 by the function g. Therefore, reversing the direction of the
arrows would map 3 to both z and w, a violation of the definition of a function. Thus it is
clear that while all functions have inverses, the inverses may not be functions.
We will consider the properties a function must have to possess an inverse function. We will
call such a function invertt'alle

Theorem 4.18. Let f: A =+ B Then I Rmt[f — A if and only if { ts one-to-one.

Proof. Suppose f: A — B and recall that this means f is a function, Dom(f) = A, and
Ran(f) C B.

(¢=): Assume [ is one-to-one. To prove that f~!:Ran(f) — A, we must establish that f-!
is & function, Dom( f~') = Ran(f), and Ran(f~!) C B.

o First, to show that f~! is a function, suppose (b, a1) and (b, az) are elements of 1,
Then (a;,b) and (a2, b) are elements of f. Since [ is one-to-one, a; = az. Therefore
! is a function,

o Note that since f is a relation we have Dom(f~") = Ran(f) (by Fact 3.10),

e Finally, since f 1~1 a relation, we have ]1:111[f 'Y = Dom(f) = A, so Ran(f') C A

also by Fact ! &-
“h; o\ Mmm*) n‘l.%
(=+): Assume E-lrlffs. Theh f~! is a filnction. To prove that f is one-to-one,

suppose {(a1,b), (az,b) € f. Then (b, a1), (b,az) € f~', and by virtue of f~! being a function
we can conclude that a 1 = G3. ThEI‘Ef'DI‘L_ f 18 one-to-one. ]

£7 o funclion: S b, o, € Denlf-) with brb,

b‘et""mlpl)ﬁa n.#.’ilnn(p")gﬂ St (B..n)éf'_'
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Fyrure 14: R 15 a relation from A to i and 5 15 4 relation from & to O {3‘) Qﬂ [
n
Definition 4.20. Let R be a relation from A to B and 5 be a relation from B to O, Then (-3') l‘F‘
the eomposition of K and 5. denoted 5o R, 18 defined by a "4 o

SoR={{oc) € Ax D|Ibe B with (a,b) € R and (b, ¢) € 5}
Theorem 4.27. Let f: A — B and g: B — €. Then
1. If f and g are one-to-one, then go [ is one-to-one,

9. If f and g are onto, then go f is onto.

Theorem 4.29. lef f: A — B and g: B — (.

1. If go f is one-to-one, then [ is one-to-one.

2 Ifgo f is onto. then g is onto.

By
Proaf. &

1. Assume g o f is one-to-one. To see f is one-to-one, let f(a;) = f(az). Then since g is
a function, we have g(fla1)) = g(f(az)). This implies (g e f){a1) = (go f){az). Since
g o f 1s one-to-one, we have a; = az. Therefore, f 1s one-to-one.

2. Assume go f is onto. To see g 1s onto, let ¢ € C. Since g o fis onto, there exists some
a € A such that (go f){a) = ¢, and (go f)(a) = g(f(a)). But f(a) =b for some b € B
and for that b we have g(b) = ¢. Therefore, g is onto
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Fact 4.30. Let f:4 + B and g:B — C. lf go f is 1-1 and f is onto, then g must be 1-1.

Fact 4.31. Let f:A—+ Band g:B — C. lf go f 1s onto and g 1s 1-1, then f must be onto.
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Fact 5.5. Each of the following is true.

1. + i8 a binary operation on Z; that is, +: & x & — Z.

2. + is a binary operation on Z; that is, <:Z x Z — .
J. — 15 a binary operation on Z; that is, —:Z x £ = Z.
4. +. —, and . are a binary operations on Q.

5. . and « are a binary operations on R.

6. + is a binary operation on  \ {0}.

=1

= 18 a binary operation on B\ {0}.
8. U is a binary operation on P(S).
9. M 15 a binary operation on P(5).
10. Y is a binary operation on P(5).
Before investigating properties of binary operations. one more example 1s needed. As we

will see, this example has some very interesting properties and will be extremely important
in later mathematics courses.

Definition 5.6. If 4 15 a nonempty set,
S(A)={f:A—= A| [ is a bijection)

15 called the symmetric group on A. The elements of §(A) are called permutations of
A. In the special case where A = {1,2, ..., n}, S(A) is denoted S,.

Fact 5.7. ¢ is a binary operation on F({A) and on §(A4).

Proof. Surely any two functions from A to A can be composed and will yield a function from

A to A, so the range and domain of o are appropriate. Let f. g . h. k€ F(A) with f = h and

g = k, which means f(x) = h(x) and g(x) = k(z) for all z € A. Surely then, for any z € A4, rﬂuM
we have (go f)(z) = g{f(z)) = glhlz)) = klh(z)) = (ko h)(z). Hence, equals composed im »
with equals are equal and we can conclude o is a binary operation on F{A).

since 1 heorem 4.29 assures us that the composition of bijections from A to A 15 a bijection
from A to A, we can conclude o 18 a binary operation on §(A). (]

dmuctaligns i 5,
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Theorem 5.14. If [ = (ay, ) and g - ba,....bm) are disjoint cyeles in Sy,
then fog=go f. That is, r.!' ,.-.rm." .',.uffr COTm mur

Theorem 5.15. Every permutation in S, can be expressed as a product of disjoint cycles.
Ex|

m =

> ($12.5%), (34), (7.1, (0.14,13)

(3,2) 0(4,2,1,9,7) 0 (6,5,4) 0 (9,5,6,7) 0 (1,3,5,9,4) = (1,2) 0 (3,5) o (4,9, 6).
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1 2 3 4 5 6 17
1 5 4 3 8 7

7 8 9 10 11 12 13 14

9 14 12 13 10 11
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